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ABSTRACT
Shape-basedapproachesbecameverypopularinmedicalimag-
ing. The key issue in these methods is the shape representa-
tion and registration. This paper introduces a new method for
the
￿
  shape registration problem by matching vector dis-
tance functions. The vector distance function representation
is more ﬂexible than the conventional signed distance map
since it enables us to better control the shapes registration
process by using more general transformations. Based on this
model, a variational frame work is proposed for the global
andlocal registrationof shapes whichdoes not needanypoint
correspondences. A gradientdescent optimizationis usedand
efﬁciently can handle both the rigid and the non-rigid opera-
tionstogether. Theregistrationofreal3Dhumanteethmodels
demonstrates the potential of the proposed approach.
1. INTRODUCTION
Shapes registration is an important complex problem in com-
puter vision, computer graphics and medical imaging. It has
been handled in different manners in many applications like
shape-based segmentation, shape recognition, and tracking.
The shapes registration problem is formulated such that
a transformation that moves a point from a given shape to a
target one according to some dissimilarity measure [1], needs
to be estimated. The dissimilarity measure can be deﬁned
according either to the curve or in the entire region enclosed
by the curve.
In [2], a 3D shape-segmentation approach was proposed
which included a shape registration process. A shape model
was built from a set of training shapes using signed distance
functions (the conventional representation). A level set func-
tion evolves minimizing the shape alignment energy and the
intensity gray level. But using a simple global transformation
with homogenous scales(
 
￿
￿
 
￿
￿
 
￿
￿
 ) is not enough
specially when gathering training shapes from different pa-
tients scans. The registration process fails when the target
shape has inhomogeneousscales.
Also different shapes registration approaches were pro-
posed in the literature for example [3, 4, 5, 6]. These ap-
proaches suffer from various problems. Scale variations and
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local deformations can not be covered in many cases. Also
their dependency on the initialization represents one of the
hardships.
In [7], the distance functionis used to implicitly represent
planar shapes. The images of distance functions are glob-
ally registered using the mutual information approach. Open
structures are represented by using only the distance trans-
formwithoutanysignwhichcannotdistinguishbetweenpoints
on different sides of the shape contour.
Vectordistancefunctions(VDF’s)areusedin[8]toevolve
smooth manifolds. This representation deﬁnes a vector that
connects any point in the space to the nearest point on the
curve or surface. This representation can deal with shapes of
different dimensions.
We proposed shape representation by vector components
in a different manner in our shape-based segmentation frame-
work [9]. The vector componentsrepresent the vector projec-
tions from any point in the space to the nearest point on the
shape boundary. We give a positive sign to the points inside
the shape and negative to those outside to mark these regions.
We useda simpledissimilarity measureto handlethe problem
of inhomogeneousscaling. Also the vectormap was designed
to handle the segmentation problem with the adaptive region
model.
Inthis paper,we focusonlyonthe registrationproblemby
proposing a novel and more robust
￿
  shape registration ap-
proach. We use
 
 
 representation to handle the
￿
  shape
registration process. More complex transformations with dif-
ferentscaling
￿
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￿, rotation
￿
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￿
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￿,andtranslation
￿
 
￿
 
 
￿
 
 
￿
￿ parameters will be used. The use of the VDF re-
sults in more adequate energy function which is optimized to
get the transformationparameters both in the global and local
registration schemes.
Matching these vector functions formulates a variational
framework for the registration process of
￿
  shapes. The op-
timization criterion employed can handle the global and local
pixel-wise deformations like in [1]. Promising results for real
shapes in
￿
  will be discussed.
The paper is organized as follows. Section 2 presents the
shape representation formalism using
 
 
 . Global regis-
tration and alignment technique will be presented in Sec. 3.
Section 4 is dedicated for the local registration. Conclusion isgiven in Sec. 5.
2. SHAPE REPRESENTATION AND THE VECTOR
DISTANCE FUNCTION
An emerging way to represent shapes can be derived using
level sets (as signed distance maps functions) [10]. This rep-
resentation is invariant to rotation and translation and also
can handle complex topologies. As we mentioned in the in-
troduction, the use of the conventional signed distance func-
tion (level set function) will result in using only homogenous
scales. Furthermore the registration process fails when the
scales are different. For this reason, we are going to use the
VDF to handle this problem as follows.
Given a smooth surface
  (we discuss the
￿
  as the gen-
eral case) that represents boundaries of a certain shape, the
following function is deﬁned as
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where
￿
￿ is the point on
  that has the minimum Eu-
clidean distance to
￿.N o w
￿ is set in vector form:
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  are the components of
the vector function in the coordinates directions. The main
reason for using this vector function is the registration prob-
lem. So, if a global transformation with different scales in
different directions is applied to a given shape represented by
the designed vector map, one can predict the map of the new
shape.
Let us consider a shape
  that is obtained by applying
a transformation
￿ to a given shape
 . Assume that the
transformation has scales
 
￿
 
 
￿
 
 
￿, rotations
 
￿
 
 
￿
 
 
￿, and
translation
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￿ such that the transformation can be writ-
ten for any point
￿ in the space as
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￿ is the rotation matrix and
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￿ is the translation vector.
Now consider
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￿ where the second point is
the one with the minimum Euclidean distance on the surface
to
￿. Assume that applying the transformation to the given
points results in the pair of points
￿
￿
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￿
￿
￿. Then it is
straightforwardto show that rotatingand thenscaling the vec-
tor
￿
￿
￿
￿
￿
￿ will result in the target vector
￿
￿
￿
￿
￿
￿
￿
￿. The
following relation holds between the two vector representa-
tions:
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showing that the proposed representation can give a vec-
tor dissimilarity measure that includes in-homogenous scal-
ing and rotations. Also it is invariant to the translation param-
eters only. This overcomes the problem of using the conven-
tional signed distance maps that leads to the use of homoge-
neous scales only.
3. GLOBAL REGISTRATION OF 3D SHAPES
The objective of the registration problem is to ﬁnd the point-
wise global transformation (different scales, rotations, and
translations) between the two given shapes
  and
  mini-
mizing a certain energy function based on some dissimilarity
measure.
The VDF shape representationused in this paper, changes
theproblemfromthe
￿
  shapetothehigherdimensionalvec-
tor representation. Hence, we will look for a transformation
￿ that gives a pixel-wise vector correspondences between
the two shapes representations
￿
￿ and
￿
￿. Thus, our prob-
lem now can be considered as a global optimization that in-
cludes all points in the image domain. We will use the sum of
squared differences to show the performance of the proposed
approach.
3.1. Energy Formulation
A global transformation is used to register
  to
  with scales,
rotation, and translations parameters as shown above. The
proposed shape representation is invariant to translation, so
the following vector dissimilarity measure is used to measure
the difference between the current vector (rotated and then
scaled) and the target one:
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿
￿ (3)
andthe optimizationenergyfunctionis givenbysumming
up the vectors differences over the domain:
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To reduce the complexityof the problem,we can consider
only points around the zero level of the vector function since
far away points mapping can be neglected. So, we limit the
matching space to a small band around the surface that can be
selected by introducing the following energy function:
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where
Æ
￿ is an indicator function deﬁned as follows:
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and allows only points within a certain band to be calcu-
lated. The optimization of the given criterion can be done
using the gradient descent method:
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where
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￿.To check the performance of the proposed approach,
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modelsofrealhumanteethareused. Thesemodelsareformed
by scanning extracted human teeth using a Cone-Beamed CT
scannertogivehighresolutionimagesofvoxelsize(
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 ). All data sets volumes used in this paper
are
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￿. These models are complexenough such
that the registration should be more sophisticated than those
used in the literature.
The global registration is evaluated by carrying out the
process on two identical 3D shapes. In this case, the exact
transformation parameters are (
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￿ ). Different situations are
executed by initializing the parameters by values far from the
exact ones. The registration is done by solving the gradient
descent equations. The scales, rotations, and translations are
changed and then steady state is obtained as shown in Fig. 1
from (a) to (f).
For the quantitative analysis , we formed three groups of
different shapes. Each group includes
￿
￿ instants of its cor-
responding shape. Different global registration processes are
done by taken randomly
￿
￿ pairs from each group. For each
pairof shapes, the correlationcoefﬁcientis calculatedto mea-
sure the similarity between the shapes representations:
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where
  represents the magnitude image of the
 
 
  of the
shape (either source
￿ or target
￿) and
 
 
  stand for its mean
and standard deviation respectively.
  stands for the expecta-
tion.
Table 1. Correlation coefﬁcients means and standard devia-
tions of each group before and after registration.
Before After
Group #1 0.836
￿0.047 0.969
￿0.013
Group #2 0.834
￿0.087 0.953
￿0.03
Group #3 0.754
￿0.092 0.911
￿0.039
Figure 2 shows the correlation coefﬁcient change in each
group. The global registration process successfully increases
that coefﬁcient dramatically in each case which is clear from
the means and standard deviations tabulated for all groups
in Table 1. Note that the last group has the largest local
shape variations and hence has the smallest average coefﬁ-
cient
￿
 
￿
￿
￿ which is small compared with other groups coef-
ﬁcients.
4. LOCAL REGISTRATION OF 3D SHAPES
The above registration works good for global registration of
objects but can not handle local deformations (see Fig.3). It
can only maximize the overlapping between the given two
shapes. Following the work in [1], the global transforma-
tion
￿ is combined with a local deformation vector
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(a) (b) (c) (d) (e) (f)
Fig. 1. Global registration of two identical 3D shapes (red
and blue). The ﬁrst row represents initial positions of differ-
ent parameters. The second row gives an intermediate state of
the registration, while the third one shows the steady state po-
sition of the process. Registration is done perfectly as shown
in the visualization of each case.
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Fig. 2. Correlation coefﬁcient is plotted in each registration
case in the three groups (Red, Green, and Blue). Thick lines
represent values prior to the registration while post registra-
tion plots are given thin.
and hence the following energy function is used:
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As an interpretation, the energy contains a term for the global
registration and another one for covering the local deforma-
tions. Each term is weighted by the correspondingcoefﬁcient
 . The local deformations are smoothed by adding another
term that includes their derivatives as follows:
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The performance of the above formulation may lead to
big deformations in the surface, so it is preferable to add an-
other term that penalizes these deformations resulting in the
following energy:
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These local deformations are handled the same way as in
[7]. The representationof the local deformationusing the free
form deformations guarantees a one to one point correspon-
dences as shown in Fig.4.Fig. 3. Global registration of different teeth models (light and
dark gray) using the proposedapproach. Miss aligned objects
are given in the ﬁrst and third rows while the results are given
in the second and fourth ones.
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Fig. 4. 3D object registration are given in the ﬁrst row (ini-
tialposition,globalregistration,andthenﬁnalelastic registra-
tion). The deformationof the image grid is givenfor one slice
in the second row to the left while its point correspondences
are established n the right.
5. CONCLUSION AND FUTURE RESEARCH
We have proposed an efﬁcient and accurate approach for the
￿
  shape registration problem. The approach depends on
representingthe shape implicitly in a higherdimensionalvec-
tor distance function. This representation enables us to bet-
ter control the registration process by using different scales
in different coordinates directions. The vector distance func-
tion is used within an energy formulation that measures the
dissimilarity between the two given shapes and a variational
schemeis derivedtocalculatetheregistrationparametersboth
for the global and local cases. The correlation coefﬁcient test
shows good performanceof the approachwith differentregis-
tration cases. Our results for the global and local registration
are promising and do not need any point correspondences.
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